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1. Introduction
It has been recognized in recent years that the planar limit of N = 4 super Yang-Mills
is integrable, and the S-matrix approach allows us to successfully study the spectra of
superstrings propagating freely in AdS5×S5 spacetime in the framework of the AdS/CFT
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correspondence conjectured by Maldacena et al. [1]. The S-matrix approach [2, 3, 4] was
first developed in the spin chain framework in the perturbative regime of the gauge theory,
where it allows one to conjecture the corresponding (all-loop) Bethe equations describing
the asymptotic spectrum of the gauge theory [5, 6, 7]. Integrability allows one to find exact
expressions for the S-matrices by requiring them to respect the underlying symmetries of
the model. It is well-known that the S-matrix for the fundamental excitations in the bulk
can be determined up to an overall (‘dressing’) phase factor from just the centrally extended
su (2|2) symmetry [5, 8, 9], and the S-matrix so obtained respects the Yang-Baxter equation
(YBE) and a generalized physical unitarity condition. The overall phase factor is severely
constrained by crossing symmetry [10]. This non-analytic overall phase factor constitutes
an important feature of the string S-matrix and has been the subject of intensive research
[11, 12, 13, 14].
In the limit of infinite light-cone momentum, in addition to the fundamental particles,
the spectrum of the string sigma model contains an infinite tower of bound states [15,
16, 17]. These manifest themselves as poles of the multi-particle S-matrix built from the
fundamental S-matrix SAA. More explicitly, l-particle bound states appear as the tensor
product of two 4l-dimensional atypical (short) totally symmetric multiplets of the centrally
extended su (2|2) algebra [15, 18, 19]. This can be obtained from the l-fold tensor product
of the fundamental multiplets by projecting it onto the totally symmetric component.
Construction of S-matrices for the bound states is more complicated, as the su (2|2)
symmetry alone is no longer enough to determine the S-matrices uniquely. Further con-
straints are required, either from the YBE or the underlying Yangian symmetry [19]; one
can then determine general l-particle bound state bulk S-matrices [20, 21, 22]. It is worth
recalling that Yangians generically have some very nice properties, particularly at the level
of representation theory [23, 24]. So the appearance of Yangian symmetry in the string
context – for example, via the universal R-matrix [25, 26, 27] – is a very welcome feature.
As was shown in [20], the construction of the bound state S-matrix relies on the
observation that the l-particle bound state representation Vl of the centrally extended
su (2|2) algebra may be realized on the space of homogeneous (super)symmetric polynomials
of degree l depending on two bosonic and two fermionic variables, ωa and θα respectively.
Thus, the representation space is identical to an irreducible short superfield Φl (ω, θ). In
this realization the algebra generators are represented by differential operators J linear
in variables ωa and θα with the scattering coefficients being functions of the parameters
describing the representation. The introduction of a space Dl dual to Vl, which may be
realized as the space of differential operators preserving the homogeneous gradation of
Φl (ω, θ), allows one to define the S-matrix as an element of
End
(
V l1 ⊗ V l2
)
≈ V l1 ⊗ V l2 ⊗Dl1 ⊗Dl2 .
Thus the S-matrix Sl1l2 may be written as a differential operator of degree l1 + l2 acting
on the product of two superfields Φl1 (ω, θ) and Φl2 (ω, θ).
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The S-matrices SAB and SBB which describe the scattering processes involving the
fundamental multiplet A and the two-particle bound state multiplet B were found in [20].
The invariance conditions for the latter only partially determine the scattering coefficients
ai, for if the tensor product V l1⊗V l2 has m irreducible components, then m−1 coefficients
ai together with an overall scale are left undetermined. The YBE turns out to be sufficient
to determine the so-far-unrestricted m− 1 coefficients ai, leaving only the overall scale.
However, the underlying Yangian symmetry provides an alternative way of finding
these coefficients [22], an approach which goes back to the inception of quantum groups
[28]. This leads to a general strategy for finding the S-matrices of higher order bound
states [22], which is essential since the fusion procedure does not work straightforwardly
for AdS/CFT S-matrices [20]. These higher-order S-matrices play an important role in
understanding the underlying integrability and deriving the transfer matrices, Bethe ansatz
equations, and so on.
Very similar considerations apply to the analysis of the the spectra of strings with
open boundary conditions in the limit of infinite light-cone momentum [29, 30, 31, 32]. The
reflection of fundamental magnons from a boundary was considered in [29, 32, 33], while the
reflection of magnon bound states was considered in [34], and the Yangian symmetry of an
open string attached to the giant graviton brane was recently exploited in [35]. The first and
key question is to determine whether a particular boundary condition is integrable or not.
It was shown in [36, 37] that working to first-order in the ’t Hooft coupling the D7 brane
yields integrable boundary conditions at least in the so(6) sector. Further investigations
followed [38, 39, 40].
Deep in the bulk of an open spin chain the theories are indistinguishable from pure
N = 4, so the symmetry arguments discussed above remain valid, and the bulk S-matrix
may be used without modifications. The task is then to determine the reflection of magnons
off the end of the chain, where the residual symmetries of the boundary are crucial in
determining the structure of the reflection K-matrix. It was shown in [29] that the relative
orientation between the preferred R-charge of the vacuum and the spherical factor of the
brane worldvolume affect the symmetries preserved by the reflection, and there are two
inequivalent possibilities for reflection from D5 and D7 branes; further, only in certain
cases can the boundary itself have an excitation attached to it. The nested coordinate
Bethe ansatz equations for D3 (maximal giant graviton) and D7 branes were recently
proposed in [41].
In this paper we consider the so-called ‘Z = 0 D7-brane’ system, in which the usual
gauge/string correspondence in AdS5 × S5 has a D7-brane wrapping the entire AdS5 and
a maximal S3 of the S5 (defined by setting X5 = X6 = 0) with a N = 2 super Yang-Mills
theory living on it [29]. The preferred R-charge is J = J56 and we are considering states
in which both J and the classical scaling dimension ∆ are large, but keeping the difference
∆ − J finite. Hence the vacuum state Z has ∆ − J = 0 and the elementary magnons are
the excitations with ∆− J = 1.
– 3 –
Our main goal is to fill a gap in the literature on the reflection of bound states,
particularly reflection from the D7 brane. The K-matrices KAa and KA1 which describe
the scattering of the fundamental bulk multiplet A off the fundamental boundary multiplet
a and singlet state 1 were found in [29], but the bound state reflection matrices are unknown.
Our goal is to find the K-matrices KBa, KAb, KBb and KB1 using the the superspace
formalism presented in [20], where we denote the two particle bound state multiplet on
the boundary as b. We choose the phase ζ increasing from left to right in accordance with
[19, 29, 33], but in contrast to [20]. Thus we shall need to calculate the bulk bound state
S-matrices independently in order to check that our K-matrices satisfy the YBE.
The outline of this paper is as follows. In section 2 we briefly recall the details of
the scattering of fundamental magnons, in the bulk and on the boundary. In section 3 we
review the representation algebra of magnon bound states, recall the superspace formalism
introduced in [20], and extend it to the boundary algebra. In sections 4 and 5 we present
the description of S- and K- matrices in the superspace formalism. The results of our
calculations, which involve some large sets of coefficients, are presented in appendices.
2. Symmetries and fundamental representations
In this section we shall briefly review the symmetries in the bulk and on the boundary. We
shall consider the superconformal algebra psu (4|4) of the N = 4 SYM in the bulk [2] and
N = 2 SYM on the boundary [42]. We build the scattering theory whose vacuum state is
the operator trZL with L≫ 1 for the closed boundary conditions and the operator
ǫi1,...,iNj1,...,jNZ
j1
i1
...Z
jL−1
jN−1
(
χLZ
JχR
)jN
iN
, (2.1)
for the open boundary conditions, where χL, χR are the excitations living on the left and
on the right boundaries and Z = Φ5 + iΦ6 is the vacuum reference state with the charge
under ∆− J being zero. All remaining states have ∆− J > 0.
2.1 Bulk case
The bulk superconformal algebra is psu (4|4) ∼= psu (2|2) × p˜su (2|2). We shall use the
undotted and dotted indices to distinguish left and right Lorentz generators L βα ∈ psu (2|2),
L˜
β˙
α˙ ∈ p˜su (2|2), where
α, β, ... = +,−, α˙, β˙, ... = +˙, −˙, (2.2)
and R ba , where
a, b, ... = 1, 2, 3, 4, (2.3)
to denote R-symmetry generators. The same notation will be used for supersymmetry
generators Q bβ , G
β
b and Q˜
b˙
β˙
, G˜ β˙b . The supercharges transform canonically according the
indices they carry:
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[
L βα , J
γ
]
= δγαJ
β − 1
2
δβαJ
γ ,
[
L βα , Jγ
]
= −δβγ Jα +
1
2
δβαJγ ,[
L˜
β˙
α˙ , J
γ˙
]
= δγ˙α˙J
β˙ − 1
2
δβ˙α˙J
γ˙ ,
[
L˜
β˙
α˙ , Jγ˙
]
= −δβ˙γ˙ Jα˙ +
1
2
δβ˙α˙Jγ˙ ,[
R ba , J
c
]
= δcaJ
b − 1
4
δbaJ
c,
[
R ba , Jc
]
= −δbcJa +
1
4
δbaJc. (2.4)
We shall be considering the subsectors psu (2|2) and p˜su (2|2) of the whole symmetry sep-
arately. The relevant algebra shall be centrally extended psu (2|2) ⋉ R3 which we shall
denote as psu (2|2)C [5]. It is generated by the bosonic rotation generators L βα , R ba , the
supersymmetry generators Q bβ , G
β
b , and three central charges H, C and C
† obeying the
relations {
Q aα ,Q
b
β
}
= ǫabǫαβC,{
G αa ,G
β
b
}
= ǫαβǫabC
†,{
Q aα ,G
β
b
}
= δabL
α
β + δ
α
βR
a
b + δ
a
b δ
α
βH, (2.5)
where a, b, ... = 1, 2 and α, β, ... = 3, 4. We shall be using this notation throughout
remaining of the paper.
The fundamental excitations propagating in the bulk transform in the fundamental
representation  of the psu (2|2)C and the bulk scattering matrix factors as a tensor product
S ⊗ S˜, where each factor acts as
S/S˜ : ⊗ → ⊗. (2.6)
The basis of the space consists a two of bosons φa transforming as a doublet under su (2)R
and two fermions ψα - a doublet under su (2)L. The psu (2|2)C supercharges act on this
basis in the following way:
Q bβ |φa〉 = a δba |ψβ〉 , G βb |φa〉 = c ǫβ αǫb a |ψα〉 ,
Q bβ |ψα〉 = b ǫb aǫβ α |φa〉 , G βb |ψα〉 = d δβα |φb〉 . (2.7)
The coefficients a, b, c, d respect the multiplet shortening condition ad − bc = 1 and are
parametrized as [8]
a =
√
g
2
η, b =
√
g
2
iζ
η
(
x+
x−
− 1
)
, c = −
√
g
2
η
ζx+
, d = −
√
g
2
x+
iη
(
x−
x+
− 1
)
, (2.8)
where ζ1 is an overall phase factor, η reflects the freedom of the choice of spectral param-
eters x± obeying
eip =
x+
x−
, x+ +
1
x+
− x− − 1
x−
=
2i
g
. (2.9)
1Our definition of the parameter ζ should be replaced by ζ 7→ iζ for consistency with [5].
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We shall talk about the particular choice of ζ and η in the next section.
The values of the central charges for the fundamental multiplet are
C = ab =
i
2
g
(
eip − 1) e2iξ ,
C† = cd = − i
2
g
(
e−ip − 1) e−2iξ ,
H = ad+ bc =
√
1 + 4g2 sin2
p
2
, (2.10)
where H gives the energy-momentum dispersion relation of the states.
2.2 Boundary case
We shall consider the so-called ‘Z = 0 D7-brane’ system, where the brane is wrapping the
entire AdS5 and a maximal S
3 ⊂ S5. This case was nicely presented in [29]. Here we shall
briefly review the properties of the configuration that are relevant to us.
The D7 brane is usually defined by setting X5 = X6 = 0. This choice breaks the so (6)
R-symmetry down to so (4)
1234
×so (2)
56
. It was shown in [42] that the presence of the D7-
brane breaks the half of the background supersymmetries that are left handed with respect
to the surviving so (4) ⊂ so (6) and the surviving fields on the brane form the N = 2
hypermultiplet. The choice of Bethe vacuum on the spin chain may further reduce the
symmetries on the boundary. We shall consider the standard Z = X5 + iX6 bulk vacuum
case. The preferred R-charge J ≡ J56 rotates the directions transverse to the brane and
preserves the full so (4)
1234
R-symmetry, but breaks half of the supercharges, leaving the
residual symmetry algebra on the boundary to be su (2)×su (2)×p˜su (2|2)⋉R3. This means
that fundamental matter fields transform in a (1,) representation of psu (2|2)× p˜su (2|2).
It implies that the reflection matrix factors as a tensor product
K ⊗ K˜, (2.11)
where we have to consider two different reflection processes – the reflection from a super-
symmetric boundary
K˜ : ⊗ → ⊗, (2.12)
and reflection from a singlet state on the boundary
K : ⊗ 1→ ⊗ 1. (2.13)
The fundamental representation of the excitations on the boundary is parametrized by
the coefficients [33]
aB =
√
g
2
ηB , bB = −
√
g
2
iζ
ηB
, cB = −
√
g
2
ηB
ζxB
, dB =
√
g
2
xB
iηB
, (2.14)
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and the shortening (mass-shell) condition reads as
xB +
1
xB
=
2i
g
. (2.15)
The solution of the mass-shell condition
xB =
i
g
(
1 +
√
1 + g2
)
, (2.16)
is chosen to give a positive energy for the unexcited boundary state
ǫ = ad+ bc =
√
1 + g2. (2.17)
Note that the central charges C and C† are not conserved under the reflection, otherwise
momentum would be preserved (only p 7→ p would be allowed) leaving no sensible notion of
reflection. Rather the total values of all three central charges are preserved under reflection
and the outgoing momentum is indeed −p [29].
3. Magnon bound states
In this section we shall briefly discuss the representation structure of magnon bound states
and the superspace formalism introduced in [20]. In this framework the S- and K- matrices
are naturally realized as su (2)⊗su (2)-invariant differential operators in the tensor product
of two representations.
3.1 The representation of bound states
l-magnon bound states in the light-cone string theory on AdS5×S5 are described by atypical
totally symmetric representations of su (2|2)C . The dimension of the representation is 2l|2l
and it can be realized on a graded vector space with the following basis:
• a tensor |ea1...al〉, symmetric in ai where ai = 1, 2 are bosonic indices, giving l + 1
bosonic states;
• a tensor ∣∣ea1...al−2α1α2〉, symmetric in ai and skew-symmetric in αi where αi = 3, 4
are fermionic indices, giving l − 1 bosonic states;
• a tensor ∣∣ea1...al−1α〉, symmetric in ai, giving 2l fermionic states.
The corresponding vector space is denoted as V l (p, ζ), where p and ζ in general are complex
parameters of the representation.
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The action of the bosonic generators of the symmetry algebra on the basis of the
corresponding vector space is
L bc |ea1...al〉 = δba1 |ec...al〉+ ...+ δbaM |ea1...c〉 −
l
2
δbc |ea1...al〉 ,
L bc
∣∣ea1...al−2α1α2〉 = δba1 ∣∣ec...al−2α1α2〉+ ...+ δbaM |ea1...cα1α2〉 − l − 22 δbc ∣∣ea1...al−2α1α2〉 ,
L bc
∣∣ea1...al−1α〉 = δba1 ∣∣ec...al−1α〉+ ...+ δbaM |ea1...cα〉 − l − 12 δbc ∣∣ea1...al−1α〉 ; (3.1)
R βγ |ea1...al〉 = 0,
R βγ
∣∣ea1...al−2α1α2〉 = δβα1 ∣∣ea1...al−2γα2〉+ δβα2 |ea1...cα1α2〉 − δβγ ∣∣ea1...al−2α1α2〉 ,
R βγ
∣∣ea1...al−1α〉 = δbα ∣∣ea1...al−1γ〉− 12δβγ ∣∣ea1...al−1α〉 ; (3.2)
while the action of the supersymmetric generators has the form
Q bβ |ea1...al〉 = al1
(
δba1 |ea2...alα〉+ ...+ δbal
∣∣ea1...al−1α〉) ,
Q bβ
∣∣ea1...al−2α1α2〉 = bl2ǫb al−1 (ǫβ α1 ∣∣ec...al−1α2〉− ǫβ α2 ∣∣ec...al−1α1〉) ,
Q bβ
∣∣ea1...al−1α〉 = bl1ǫb alǫβ α |ec...al〉+ al2 (δba1 ∣∣ea2...al−1βα〉+ ...+ δbal−1 ∣∣ea1...al−2βα〉) ;
(3.3)
G
β
b |ea1...al〉 = cl1ǫβ α
(
ǫb a1 |ea2...alα〉+ ...+ ǫb al
∣∣ea1...al−1α〉) ,
G
β
b
∣∣ea1...al−2α1α2〉 = dl2 (δβα1 ∣∣ea1...al−2bα2〉− δβα2 ∣∣ea1...al−2bα1〉) ,
G
β
b
∣∣ea1...al−1α〉 = dl1δβα ∣∣ea1...al−1b〉+ cl2ǫβ γ (ǫb a1 ∣∣ea2...al−1γα〉+ ...+ ǫb al−1 ∣∣ea1...al−2γα〉) .
(3.4)
The parameters ali, b
l
i, c
l
i, d
l
i are representation-dependent and may be determined by
requiring that they respect the centrally extended su (2|2)c algebra [5], which imposes the
constraints
bl1d
l
2 = b
l
2d
l
1, c
l
1d
l
2 = c
l
2d
l
1,
al1d
l
1 − bl1cl1 = 1, al2dl2 − bl2cl2 = 1. (3.5)
The central charges obey the shortening condition
H2l − 4ClC†l = 1. (3.6)
The eigenvalue of Hl depends explicitly on the bound state number l in the following way
Hl =
√
l2 + 4g2 sin2
p
2
= l
√
1 + 4
(g
l
)2
sin2
p
2
, (3.7)
where gl may be called the effective coupling constant for an l-magnon bound state. In this
way the values of Cl and C
†
l may be defined to depend explicitly on l by setting
Cl = l
i
2
g
l
(
eip − 1) e2iξ, C†l = −l i2 gl (e−ip − 1) e−2iξ . (3.8)
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This yields the usual definition of central charges in terms of representation parameters,
Cl
l
= al1d
l
1 = a
l
2d
l
2,
C†l
l
= cl1d
l
1 = c
l
2d
l
2,
Hl
l
=
(
al1d
l
1 + b
l
1c
l
1
)
=
(
al2d
l
2 + b
l
2c
l
2
)
, (3.9)
implying that it is always possible to choose ali, b
l
i, c
l
i, d
l
i so that
al1 = a
l
2 ≡ a, bl1 = bl2 ≡ b, cl1 = cl2 ≡ c, dl1 = dl2 ≡ d (3.10)
and thereby obtaining the the convenient parametrization
a =
√
g
2l
η, b =
√
g
2l
iζ
η
(
x+
x−
− 1
)
, c = −
√
g
2l
η
ζx+
, d = −
√
g
2l
x+
iη
(
x−
x+
− 1
)
,
(3.11)
where ζ = e2iξ and the spectral parameters x± respect the mass-shell condition of the
l-magnon bound state,
x+ +
1
x+
− x− − 1
x−
= i
2l
g
. (3.12)
The conservation of central charges on the sum of an l- and an m-magnon bound state
requires
Cl+m = Cl + Cm
=
i
2
g
(
eip1 − 1) e2iξ1 + i
2
g
(
eip2 − 1) e2iξ2
=
i
2
g
(
eip − 1) e2iξ0 , (3.13)
which is satisfied by setting the total momentum p = p1 + p2 and ξ1 ≡ ξ0, ξ2 ≡ ξ0 + p12 .
The same holds for C†l .
The unitarity condition implies d∗ = a, c∗ = b, hence
η =
[
1
iη
(
x+ − x−)]∗ = − i
η∗
eiϕ
(
x+ − x−) ,
iζ
η
(
x+
x−
− 1
)
= −
[
η
ζx+
]∗
= − η
∗
ζ∗eiϕx−
. (3.14)
Here we have used the relation (x±)
∗
= eiϕx∓, where the phase factor eiϕ represents the
freedom to choose the basis for x±. These relations give
|η|2 = ieiϕ (x− − x+) ζ,
η = eiξei
ϕ
2
√
i (x− − x+). (3.15)
Unitarity also implies that parameters ξ and ϕ must be real. Constraints on ξ were derived
above, while ϕ may be chosen to acquire any value. The value ϕ = 0 is commonly used for
– 9 –
the fundamental representation [33, 8, 29], while the value ϕ = p
2
is prefered for the case
of bound states [16].
The same considerations may be trivially extended for the representation of the bound-
ary multi-magnon bound states. Thus the boundary representation of l-magnon bound
states is described by the parameters
aB =
√
g
2l
ηB , bB = −
√
g
2l
iζ
ηB
, cB = −
√
g
2l
ηB
ζxB
, dB =
√
g
2l
xB
iηB
, (3.16)
and the shortening condition reads as
xB +
1
xB
= i
2l
g
. (3.17)
The unitarity condition for the boundary representation gives
|ηB |2 = −ixB, (3.18)
implying that boundary spectral parameter xB is purely imaginary.
3.2 Superspace representation of su (2|2)C
For a convenient description of the S-matrix a 2l|2l graded vector space of monomials
of degree l of two bosonic ωa, a = 1, 2, and two fermionic variables θα, α = 3, 4 may be
introduced [20]. Then any homogeneous symmetric polynomial of degree l can be expressed
as
Φl (ω, θ) = φ
a1..alωa1 · · · ωal + φa1...al−1αωa1 · · · ωal−1θα + φa1...al−2α1α2ωa1 · · · ωal−2θα1θα2 .
The basis of monomials is related to the vector space of magnon bound states by
|m,n, µ, ν〉 = Nmnµν ωm1 ωn2 θµ3θν4 , (3.19)
where m, n ≥ 0, µ, ν = 0, 1, m+ n+ µ+ ν = l and the normalization constant is [20]
Nmnµν =
(
(l − 1)!
m! n!
)1/2
. (3.20)
This basis is assumed to be orthogonal〈
a, b, α, β
∣∣m,n, µ, ν〉 = δamδbnδαµδβν . (3.21)
The hermitian conjugate operators are expressed as
(ωa)
† =
∂
∂ωa
, (θα)
† =
∂
∂θα
(3.22)
and are considered to be real.
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In this representation the centrally extended su (2|2) generators are realized as the
differential operators
L ba = ωa
∂
∂ωb
− 1
2
δbaωc
∂
∂ωc
,
R βα = θα
∂
∂θβ
− 1
2
δβαθγ
∂
∂θγ
,
Q aα = aθα
∂
∂ωa
+ bǫabǫαβωb
∂
∂θβ
,
G αa = cǫabǫ
αβθβ
∂
∂ωb
+ dωa
∂
∂θα
, (3.23)
while the central charges are
C = ab
(
ωa
∂
∂ωa
+ θα
∂
∂θα
)
,
C† = cd
(
ωa
∂
∂ωa
+ θα
∂
∂θα
)
,
H = (ad+ bc)
(
ωa
∂
∂ωa
+ θα
∂
∂θα
)
. (3.24)
3.3 S- and K- matrices in superspace formalism
The S-matrix in superspace is realized as a differential operator acting on the tensor product
of two vector spaces
VM (p1, ζ1)⊗ VN (p2, ζ2) ∼ VM (p1, 1) ⊗ VN
(
p2, e
ip1
) ∼ VM (p1, eip2)⊗ VN (p2, 1) .
The unitarity condition implies that there are two possible equivalent choices of phase
factors, ζ1 = ζ, ζ2 = ζe
ip1 and ζ1 = ζe
ip2 , ζ2 = ζ. We define the S-matrix as an
intertwining operator
S (p1, p2) : VM (p1, ζ)⊗ VN
(
p2, ζe
ip1
)→ VM (p1, ζeip2)⊗ VN (p2, ζ) ,
where the phase ζ increases from left to right. Our definition is consistent with that of
Beisert et al.2 but differs from that of Arutyunov et al., who choose the phase ζ to increase
from right to left
S (p1, p2) : VM
(
p1, ζe
ip2
)⊗ VN (p2, ζ)→ VM (p1, ζ)⊗ VN (p2, ζeip1) .
In this superspace formalism the S-matrix may be viewed as an element of
End
(VM ⊗ VN) ≈ VM ⊗ VN ⊗DM ⊗DN ,
2The usual S-matrix in the physical space Sphys is related to the S-matrix in the superspace Ssuper as
Sphys = P · Ssuper, where P is an ordinary graded permutation operator.
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where DM is the vector space dual to VM . The dual vector space is realized as the space of
polynomials of degree M of the differential operators ∂∂ωa and
∂
∂θα
with a natural pairing
between DM and VM induced by the relations ∂∂ωaωb = δab and ∂∂θα θβ = δαβ . Thus the
S-matrix may be represented as
S (p1, p2) =
∑
i
ai (p1, p2) Λi, (3.25)
where Λi span a complete basis of differential operators invariant under the su (2)⊕ su (2)
algebra and ai (p1, p2) are S-matrix components. The exact expression for Λi for various
S-matrices are given in [20].
Following the above analysis, we define the K-matrix describing the reflection of the
bulk magnons from the boundary states as an operator acting on the tensor space in the
following way:
K (p, q) : VM (p, ζ)⊗ VN (q, ζeip)→ VM (−p, ζ)⊗ VN (q, ζe2ip) ,
where p is the momentum of the bulk state and q is some parameter describing the boundary
state. Hence, the reflection matrix can be represented as
K (p, q) =
∑
i
ki (p, q) Λi, (3.26)
where Λi have the same form as for bulk S-matrices.
4. S-matrices
S-matrix SAA
We define the S-matrix SAA as an intertwining operator
SAA : V1 (p1, ζ)⊗ V1
(
p2, ζe
ip1
)→ V1 (p1, ζeip2)⊗ V1 (p2, ζ) ,
where V1⊗V1 =W2 is isomorphic to a typical (long) multiplet of dimension 16. Thus the
S-matrix is described as the second-order differential operator
SAA =
10∑
i=1
ai Λi, (4.1)
where the differential operators Λi are given in (4.5) of section 4.5 of [20]. The S-matrix
SAA coefficients ai may be determined uniquely up to a overall constant using the symmetry
algebra, and the full expression in our basis is given in the appendix. It was also shown
that SAA respects Yangian symmetry [19].
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S-matrix SAB
We define the S-matrix SAB as an intertwining operator
SAB : V1 (p1, ζ)⊗ V2
(
p2, ζe
ip1
)→ V1 (p1, ζeip2)⊗ V2 (p2, ζ) ,
where V1⊗V2 =W3 is isomorphic to a long multiplet of dimension 32. Thus the S-matrix
is described as the third-order differential operator
SAB =
19∑
i=1
ai Λi, (4.2)
where the Λi are given in section 6.1.1 of [20]. The reflection coefficients ai may be de-
termined uniquely up to a overall constant using the symmetry algebra [20]3; the exact
expression in our basis is again given in the appendix. It was also shown that SAB respects
Yangian symmetry [21, 22].
S-matrix SBB
We define the S-matrix SBB as an intertwining operator
SBB : V2 (p1, ζ)⊗ V2
(
p2, ζe
ip1
)→ V2 (p1, ζeip2)⊗ V2 (p2, ζ) ,
where V2 ⊗ V2 =W2 ⊕W4 are long multiplets of dimension 16 and 48 respectively. Thus
the S-matrix is described as the following fourth-order differential operator
SBB =
48∑
i=1
ai Λi, (4.3)
with Λi as in section 6.2.1 of [20]. It was shown in [20] that the Lie superalgebra alone is
not enough to fix all the coefficients ai, and the YBE is required. This is the consequence of
the decomposition of tensor product V2⊗V2 being a sum of two long multiplets W2⊕W4.
Therefore the S-matrix SBB may be formally divided into two parts
SBB = SBB1 + qS
BB
2 , (4.4)
where q is a single parameter which is not determined by the symmetry algebra [20]. In
the case of higher-order multi-magnon bound state S-matrices SMN , there are precisely
m− 1 parameters that cannot be determined by the symmetry algebra alone, where m is
the number of long multiplets in the decomposition of tensor product VM ⊗VN 4. Hence, in
3We found two typos in [20] in the coefficients of SAB listed in 6.1.2. There should be a numerator(
x+1 − y
+
2
)
instead of
(
x−1 − y
+
2
)
in a13 and a numerator
(
1− y−2 x
+
1
)
instead of
(
1− y−2 x
−
1
)
in a14. These
typos were noted also in [35].
4The multiplet decomposition formula is given in p.19 of [20]. Long and short multiplets of su (2|2) have
been studied in [5].
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addition to the Lie superalgebra, the YBE or Yangian symmetry is required to find SMN
for M,N ≥ 2 [21, 22].
Precise expressions for the scattering coefficients a1, ..., a48 of the S-matrix S
BB were
found in [20]5, by using the superalgebra together with YBE. It is interesting to note that
a45, ..., a48 were found to be zero: the scattering channels Λ44, ...,Λ48 are forbidden, and
a45 = ... = a48 = 0 independently of the choice of parametrization of a, b, c and d. In fact
a45 = ... = a48 = 0 may be used as additional constraints and one can then obtain all the
other scattering coefficients a1, ..., a44 using the symmetry algebra alone, a fact which we
expect will be explained by a deeper understanding of the underlying Yangian symmetry.
The full expressions for the coefficients a1, ..., a48 of the S-matrix S
BB in our basis are
again given in the appendix.
5. K-matrices
K-matrix KAa
We define the K-matrix KAa as an intertwining operator
KAa : V1 (p, ζ)⊗ V1 (q, ζeip)→ V1 (−p, ζ)⊗ V1 (q, ζe−ip) ,
corresponding to the tilded factor of the complete reflection K-matrix
K˜ : ⊗ → ⊗.
The K-matrix KAa is given by the second-order differential operator
KAa =
10∑
i=1
ki Λi, (5.1)
with the Λi as in (4.5) of section 4.1 of [20]. The symmetry algebra fixes the values of
the coefficients ki uniquely up to a constant; again we reserve the full expression to the
appendix. These coefficients were derived in [29].
K-matrix KA1
We define the K-matrix KA1 as an intertwining operator
KAa : V1 (p, ζ)⊗ 1→ V1 (−p, ζ)⊗ 1,
5We found a typo in [20] in the coefficient a41 of S
BB listed in 6.2.2. There should be a numerator η˜2
instead of η˜22 . It is easy to see this by comparing the expressions of a41 with a42 and Λ41 with Λ42 from the
section 6.2.1.
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corresponding to the untilded factor of the complete reflection K-matrix
K˜ : ⊗ 1→ ⊗ 1,
The K-matrix KA1 may be expressed as a sum of diagonal first-order differential operators
KA1 =
2∑
i=1
ki Λi, (5.2)
where
Λ1 = ω
1
a
∂
∂ω1a
, Λ2 = θ
1
α
∂
∂θ1α
. (5.3)
As was shown in [29], the symmetry algebra alone is not enough to fix k1 and k2. Using
the boundary Yang-Baxter equation (bYBE)
SAA(p1, p2)K
A1(p1)S
AA(p2,−p1)KA1(p2) = KA1(p2)SAA(p1,−p2)KA1(p1)SAA(p1, p2)
one finds that
k2
k1
=
xB + x
+
xB − x−
η˜
η
. (5.4)
The calculations are done as follows. First one must consider the matrix element
〈e1 ⊗ e3| (bYBE) |e1 ⊗ e3〉 , (5.5)
where 〈e1 ⊗ e3| and |e1 ⊗ e3〉 are the orthonormal vectors (3.19) from the superspaces
V1 (−p1, ζ)⊗ V1
(−p2, ζe−ip1) and V1 (p1, ζ)⊗ V1 (p2, ζeip1) respectively. This matrix ele-
ment leads to the equation
(k1 (p2) η˜2 − k2 (p2) η2)
(
k2 (p1) η1 x
−
1
+ k1 (p1) η˜1 x
+
1
)
− (k1 (p1) η˜1 − k2 (p1) η1)
(
k2 (p2) η2 x
−
2
+ k1 (p2) η˜2 x
+
2
)
= 0, (5.6)
which may be solved by separating variables and setting
k2 η x
− + k1 η˜ x
+
k1 η˜ − k2 η = xB . (5.7)
The solution of (5.7) gives the required equation (5.4). One must then show that the
parameter xB is indeed the spectral parameter of the boundary state. This may be achieved
by considering the matrix element
〈e1 ⊗ e2| (bYBE) |e3 ⊗ e4〉 , (5.8)
which may be set to zero only by requiring the parameter xB to satisfy the mass-shell
condition (3.17).
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K-matrix KBa
We define the K-matrix KBa for reflection of a two-particle bound state B from the fun-
damental boundary state a as a third-order differential operator which acts as
KBa (p, q) : V2 (p, ζ)⊗ V1 (q, ζeip)→ V2 (−p, ζ)⊗ V1 (q, ζe−ip) ,
corresponding to the tilded factor of the complete reflection K-matrix
K˜ : ⊗ → ⊗ .
The K-matrix KBa is given by the following differential operator
KBa =
19∑
i=1
ki Λi, (5.9)
where the Λi may be easily obtained using the method described in section 3.2 of [20]. The
symmetry algebra fixes the values of the coefficients ki uniquely up to a constant; the full
expression may be found in the appendix.
K-matrix KB1
We define the K-matrix KB1 for reflection of a two-particle bound state B from the singlet
boundary state 1 as a second-order differential operator which acts as
KB1 (p, q) : V2 (p, ζ)⊗ 1→ V2 (−p, ζ)⊗ 1,
corresponding to the untilded factor of the complete reflection K-matrix
K : ⊗1→ ⊗1.
The K-matrix KB1 is given by the sum of diagonal differential operators
KB1 =
3∑
i=1
ki Λi, (5.10)
where
Λ1 = ω
1
bω
1
a
∂2
∂ω1b∂ω
1
a
, Λ2 = ω
1
aθ
1
α
∂2
∂ω1a∂θ
1
α
, Λ3 = θ
1
βθ
1
α
∂2
∂θ1β∂θ
1
α
. (5.11)
Once again, the symmetry algebra alone is not enough to fix coefficients k1, k2 and k3. We
shall be using the bYBE
SAB(p1, p2)K
A1(p1)S
AB(p1,−p2)KB1(p2) = KB1(p2)SAB(p1,−p2)KA1(p1)SAB(p1, p2).
First we consider the matrix element
〈e3 ⊗ e1,1| (bYBE) |e1 ⊗ e1,3〉 . (5.12)
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Setting it to zero, we get a relation very similar to (5.4)
k2
k1
=
xB + y
+
xB − y−
η˜
η
. (5.13)
The second constraint is acquired by considering the matrix element
〈e3 ⊗ e3,4| (bYBE) |e1 ⊗ e2,3〉 , (5.14)
which gives the ratio
k3
k2
=
1− xBy+
1 + xBy−
η˜
η
. (5.15)
Using the convenient normalization k1 = 1, we obtain
k1 = 1,
k2 =
xB + y
+
xB − y−
η˜
η
,
k3 =
(xB + y
+)(1− xBy+)
(xB − y−)(1 + xBy−)
η˜2
η2
. (5.16)
The reflection matrix KB1 naturally extends to the reflection of any bound state KM1
withM ≥ 2 as there are always only three diagonal reflection coefficients with the following
differential operators
Λ1 = ω
1
aM · · · ω1a1
∂M
∂ω1aM · · · ∂ω1a1
,
Λ2 = ω
1
aM−1 · · · ω1a1θ1α
∂M
∂ω1aM−1 · · · ∂ω1a1∂θ1α
,
Λ3 = ω
1
aM−2 · · · ω1a1θ1βθ1α
∂M
∂ω1aM−2 · · · ∂ω1a1∂θ1β∂θ1α
, (5.17)
and the invariance under bYBE leads precisely to the same reflection coefficients as in
(5.16) subject to the mass shell conditions (3.12) and (3.17).
K-matrix KAb
We define the K-matrix KAb for reflection of a fundamental bulk state A from a two-
particle bound state b on the boundary as a third-order differential operator which acts
as
KAb (p, q) : V1 (p, ζ)⊗ V2 (q, ζeip)→ V1 (−p, ζ)⊗ V2 (q, ζe−ip) .
corresponding to the tilded factor of the complete reflection K-matrix
K˜ : ⊗ → ⊗ .
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The K-matrix KAb is given by the differential operator
KAb =
19∑
i=1
ki Λi, (5.18)
where the Λi are as in section 6.1.1 of [20]. The symmetry algebra fixes the values of the
coefficients ki uniquely up to a constant; again the full expression may be found in the
appendix.
K-matrix KBb
We define the K-matrix KBb for reflection of a bulk two-magnon bound state B from a
two-magnon bound state b on the boundary as a fourth-order differential operator which
acts as
KBb (p, q) : V2 (p, ζ)⊗ V2 (q, ζeip)→ V2 (−p, ζ)⊗ V2 (q, ζe−ip) .
corresponding to the tilded factor of the complete reflection K-matrix
K˜ : ⊗ → ⊗.
As a differential operator the K-matrix is
KAb =
48∑
i=1
ki Λi, (5.19)
where the Λi are as given in section 6.2.1 of [20]. By choosing the constraints to be k1 = 1
and k45, ..., k48 = 0, in the same fashion as we did for the bulk case, we were able to find the
expressions for k2, ..., k44 using the symmetry algebra alone. The values of the coefficients
ki may be found in the appendix.
6. Conclusions and Outlook
In this paper we have used the superspace formalism introduced in [20] to obtain the
reflection matrices of magnon bound states from the Z = 0 D7 brane [29]. The matter
fields in the bulk transform in representations of psu (2|2)×p˜su (2|2), while on the boundary
the residual Lie symmetry, preserved by the reflection of bulk excitations, is su (2)×su (2)×
p˜su (2|2). The reflection matrix factors as a tensor product for tilded and untilded factors.
The reflection of fundamental magnons was rigorously worked out in [29].
Here we have calculated the scattering matrices KBa, KAb and KBb describing the
reflections of two-magnon bound states in the tilded factor. We found that KBa and KAb
may be determined up to an overall factor by the symmetry algebra alone, just as for the
bulk SBA of [20]. However, as for the bulk SBB , we found that KBb is not determined
uniquely by the symmetry algebra, but must be constrained by the bYBE. Alternatively,
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it turns out that we may set the coefficients k45, ..., k48 to zero and then use the symmetry
algebra alone.
Further, we have calculated the reflection matrix KB1 describing the reflection in the
untilded factor of the two-magnon bound state in the bulk from a singlet boundary state.
This may naturally be generalized to any KM1 with M ≥ 2, as these have only three
reflection coefficients, which may be fixed up to an overall scalar factor by requiring that
the bYBE be satisfied. This is in agreement with the results of [29] for the reflection of
fundamental states.
An important question is of the physicality of the boundary bound states. The bound
state K-matrices we have constructed here have a pole (and zero) structure very similar
to the bulk case, so that the pole x+ = xB appearing throughout the K-matrices signals
the presence of higher order multi-magnon bound states. As was noted in [33], an open
string ending on a giant magnon is expected to have a tower of multi-magnon bound states
on the boundary for any value of the coupling constant g. The tilded factor of the Z = 0
D7 brane shares the same symmetry as the Z = 0 giant magnon; thus we expect multi-
magnon bound states to be living on the tilded factor of our boundary [34]. But this is
not the case for the untilded factor. We do not expect the pole in the reflection matrix
KM1 to correspond to a physical bound state for any M , since the values of ∆−J56 on the
boundary fields (and thereby states) [29] are inconsistent with the pole residues, at least
for the low-lying states. However, the issue of the physicality of putative bound states
cannot be fully resolved without an analysis of the boundary on-shell (Landau) diagrams
[32, 43, 44], which is beyond the scope of the present work.
The problem remains of understanding the structure of the scattering matrices we
have found. One would expect that, where the bYBE was needed in addition to the Lie
superalgebra, the underlying Yangian symmetry should supply the deficit, as in the bulk
case [21, 22]. In the boundary case we would expect to see some form of generalized twisted
Yangian [45] as the boundary remnant of the bulk Yangian symmetry, and that this would,
for example, be sufficient to fix KB1 up to an overall factor, as happens in the maximal
giant graviton (D3) case [35]. Similarly for KBb we would hope that the Yangian symmetry
would explain the curious zeros in k45, ..., k48, and organize the coefficients of K
Bb more
sensibly. This is the subject of current investigations.
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A. Appendices
A.1 Coefficients of S-matrices
We use the convenient notation of the bulk spectral parameters, where x±
1
, x±
2
are the
parameters of the fundamental states with momentum p1 and p2, while y
±
1
, y±
2
are the
parameters of the two-particle bound states respectively with momentum p1 and p2. The
parameters ηi are given by
η1 = η (p1) , η2 = e
i
2
p1η (p2) , η˜1 = e
i
2
p2η (p1) , η˜2 = η (p2) , (A.1)
where η (pi) = e
iξ0e
i
4
pi
√
i
(
x−i − x+i
)
for the fundamental states and x±i must be changed
into y±i for the bound states. The rapidity parameters ui used in the expressions for the
coefficients of the S-matrix SBB are expressed in terms of y±i as follows
ui =
1
2
(
y+i +
1
y+i
+ y−i +
1
y−i
)
. (A.2)
The S-matrix SAA
The S-matrix SAA has the following components ai:
a1 = 1,
a2 = 2
x+
2
(
x−
1
− x−
2
) (−1 + x+
1
x−
2
)
x−
2
(
x−
1
− x+
2
) (−1 + x+
1
x+
2
) − 1,
a3 = −
(
x−
2
− x+
1
)(
x−
1
− x+
2
) η˜1η˜2
η1η2
,
a4 =
(
x−
2
− x+
1
x−
1
− x+
2
+ 2
x+
1
(
x−
1
− x−
2
) (−1 + x−
1
x+
2
)
x−
1
(
x−
1
− x+
2
) (−1 + x+
1
x+
2
)) η˜1η˜2
η1η2
,
a5 =
(
x+
1
− x+
2
)(
x−
1
− x+
2
) η˜2
η1
,
a6 =
(
x−
1
− x−
2
)(
x−
1
− x+
2
) η˜1
η1
,
a7 = −
iζx+
1
(
x−
1
− x−
2
) (
x−
1
− x+
1
) (
x−
2
− x+
2
)
x−
1
x−
2
(
x−
1
− x+
2
) (−1 + x+
1
x+
2
)
η1η2
,
a8 =
i
(
x−
1
− x−
2
)
η˜1η˜2
ζ
(
x−
1
− x+
2
) (−1 + x+
1
x+
2
) ,
a9 =
(
x−
1
− x+
1
)(
x−
1
− x+
2
) η˜2
η1
,
a10 =
(
x−
2
− x+
2
)(
x−
1
− x+
2
) η˜1
η2
.
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These coefficients are in agreement with the ones found in [8] up to a relative sign
corresponding to the eigenvalue of the graded permutation operator acting on the
antisymmetric states (see footnote on page 11) and an overall factor
NAA0 =
x−
1
− x+
2
x−
2
− x+
1
.
This corresponds to the normalization a3 = 1, which we might refer to as the ‘physical
normalization’ since it removes the pole in the S-matrix element a3, which would produce
a state symmetric in fermionic indices state and therefore cannot yield a bound state.
Rather it is the pole at x−
2
− x+
1
which is responsible for the creation of bound states,
although this pole is typically hidden in the normalization a1 = 1 used in calculations.
The S-matrix SAB
The S-matrix SAB has the following components ai:
a1 = 1,
a2 = −1
2
+
3y+
2
(
x−
1
− y−
2
) (−1 + x+
1
y−
2
)
2y−
2
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) ,
a3 =
(
x+
1
− y+
2
)(
x−
1
− y+
2
) η˜2
η2
,
a4 =
y+
2
(
x+
1
− y−
2
) (−1 + x+
1
y−
2
)
y−
2
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) η˜2
η2
,
a5 =
(
x−
1
− y−
2
)(
x−
1
− y+
2
) η˜1
η1
,
a6 =
x+
1
(
x+
1
y−
2
+ x+
1
y+
2
− 2y−
2
y+
2
− 2x−
1
x+
1
y−
2
y+
2
+ x−
1
(
y−
2
)2
y+
2
+ x−
1
y−
2
(
y+
2
)2)
η˜22
2x−
1
y−
2
(
x−
1
− y+
2
) (
1− x+
1
y+
2
)
η2
2
,
a7 = −
(
x+
1
− y−
2
)(
x−
1
− y+
2
) η˜1η˜2
η1η2
,
a8 = −
(
2x+
1
(
x−
1
− y−
2
) (−1 + x−
1
y+
2
)
x−
1
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) − x+1 − y−2
x−
1
− y+
2
)
η˜1η˜2
η1η2
,
a9 =
x+
1
(
x+
1
− y−
2
) (−1 + x−
1
y+
2
)
x−
1
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) η˜1η˜22
η1η22
,
a10 = −
iζ
(
x−
1
− x+
1
)
x+
1
(
y−
2
− y+
2
)2
y+
2
2x−
1
y−
2
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
)
η2
2
,
a11 =
i
(
x−
1
− x+
1
)
η˜22
2ζ
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) ,
a12 =
iζx+
1
y+
2
(
x−
1
− x+
1
) (
x−
1
− y−
2
) (
y−
2
− y+
2
)
√
2x−
1
y−
2
(−x−
1
+ y+
2
) (−1 + x+
1
y+
2
)
η1η2
,
– 21 –
a13 = −
i
(
x−
1
− y−
2
)
η˜1η˜2√
2ζ
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) ,
a14 =
(
x−
1
− x+
1
)
x+
1
(−1 + x−
1
y+
2
)
√
2x−
1
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) η˜22
η1η2
,
a15 =
x+
1
(−y−
2
+ y+
2
) (−1 + x−
1
y+
2
)
√
2x−
1
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) η˜1η˜2
η2
2
,
a16 =
i
(
x+
1
− y−
2
)
√
2ζ
(
x−
1
− y+
2
) (−1 + x+
1
y+
2
) η˜1η˜22
η2
,
a17 =
iζx+
1
y+
2
(
x−
1
− x+
1
) (
x+
1
− y−
2
) (
y−
2
− y+
2
)
√
2x−
1
y−
2
(−x−
1
+ y+
2
) (−1 + x+
1
y+
2
) η˜2
η1η22
,
a18 =
(
x−
1
− x+
1
)
√
2
(
x−
1
− y+
2
) η˜2
η1
,
a19 =
(
y−
2
− y+
2
)
√
2
(
x−
1
− y+
2
) η˜1
η2
.
The S-matrix SBB
The S-matrix SBB has the following components ai:
a1 = 1,
a2 =
(
y−
2
− y+
1
) (−1 + y−
2
y+
1
)
y+
2(−1 + y−
1
y−
2
)
y+
1
(
y−
1
− y+
2
)
×
(
y−
1
(
2 + y−
2
(
y−
1
− 3y+
1
))
y+
1
+
(
y+
1
+ y−
1
(−3 + 2y−
2
y+
1
))
y+
2
)(
−3y−
2
y+
1
+
(
y+
1
+ y−
2
(
2 + y+
1
(
y−
2
+ 2y+
1
)))
y+
2
− 3y−
2
y+
1
(
y+
2
)2) ,
a3 =
1
2y−
2
(−1 + y−
1
y−
2
) (
y+
1
)2 (
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
)
×
((
y−
1
)2 (
y−
2
)2 (
y+
1
)2
+
(
y+
1
)2 (
y−
2
(
2 +
(
y−
2
− y+
2
)2)− y+
2
)
y+
2
+ y−
1
y−
2
(
2y−
2
(
y+
1
)4
y+
2
+ 2
(
y+
2
)2 − y+
1
y+
2
(
5 +
(
y−
2
)2
+ y−
2
y+
2
+ 2
(
y+
2
)2)
+
(
y+
1
)2 (
2 +
(
y−
2
)2 − y−
2
(
−1 + (y−
2
)2)
y+
2
+ 3
(
2 +
(
y−
2
)2) (
y+
2
)2)
− (y+
1
)3 (
3y+
2
+ y−
2
(
2 + y+
2
(
y−
2
+ 3y+
2
)))))
,
a4 = −
(
y−
2
− y+
1
)(
y−
1
− y+
2
) η˜1η˜2
η1η2
,
a5 = −
2 (y−1 − y−2 ) (−y+1 + y+2 ) (−1 + y−1 y+2 )
y−
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) − (y−2 − y+1 )(
y−
1
− y+
2
)
 η˜1η˜2
η1η2
,
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a6 = −
(
y−
2
− y+
1
)(
y−
1
− y+
2
)
(
u1 − u2 + 2ig
)
(
u1 − u2 − 2ig
) η˜1η˜2
η1η2
,
a7 = −
(
y−
2
− y+
1
)
2y−
2
(−1 + y−
1
y−
2
)
y+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) η˜1η˜2
η1η2
×
(
2y−
2
y+
1
y+
2
(
u1 − u2 + 2i
g
)
+ y−
2
(
−2 (2 + y−
1
(
y−
2
− 2y+
2
))
y+
2
+ 2y−
2
(
y+
1
)2 (−2 + y−
1
y+
2
)
+ y+
1
(
4 + y−
1
(
y−
2
− 3y+
2
)) (
1 + y−
2
y+
2
)))
,
a8 =
(
y−
2
− y+
1
) (
y−
1
y−
2
− 2y−
1
y+
1
+ y−
2
y+
1
) (−1 + y−
1
y+
2
)
2
(
y−
1
)2
y+
2
(−y−
1
+ y+
2
) (−1 + y+
1
y+
2
) (
u1 − u2 − 2ig
) η˜21 η˜22
η2
1
η2
2
−
(
y−
2
− y+
1
)
y+
1
(
y−
1
− 2y−
2
+ y+
1
) (−1 + y−
1
y+
2
)
2y−
1
(
y−
1
− y+
2
) (−1 + y+
1
y+
2
) (
u1 − u2 − 2ig
) η˜21 η˜22
η2
1
η2
2
,
a9 =
(
y+
1
− y+
2
)(
y−
1
− y+
2
) η˜2
η2
,
a10 =
(
y−
1
− y−
2
)(
y−
1
− y+
2
) η˜1
η1
,
a11 = −
(
y−
2
− y+
1
) (
y+
1
− y+
2
) (−1 + y−
2
y+
1
)
y−
2
y+
1
(
y−
1
− y+
2
)(
u1 − u2 − 2ig
) η˜2
η2
,
a12 =
(−y−
1
+ y−
2
) (
y−
2
− y+
1
) (−1 + y−
2
y+
1
)
y−
2
y+
1
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
) η˜1
η1
,
a13 =
(
y+
1
− y+
2
)
η˜22
2y−
1
y−
2
(−1 + y−
1
y−
2
)
y+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
)
η2
2
,
×
(
y+
1
(
y−
2
y+
1
+
(
y+
1
+ y−
2
(
−2 + (y−
2
)2 − 2y−
2
y+
1
))
y+
2
+
(
y−
2
)2 (
y+
2
)2)
+ y−
1
y−
2
(
− (y−
2
)3
y+
1
y+
2
− (y+
1
)2
y+
2
+
(
y−
2
)2 (
y+
1
+
(
−1 + (y+
1
)2)
y+
2
)
+ y−
2
(
2
(
y+
1
)3
y+
2
− (y+
2
)2 − 3 (y+
1
)2 (
1 +
(
y+
2
)2)
+ y+
1
y+
2
(
5 +
(
y+
2
)2))))
,
a14 =
(y−1 − y−2 ) (y−1 − 2y−2 + y+1 )
2
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
) + (y−1 − y−2 ) (y−1 (y−2 − 2y+1 )+ y−2 y+1 )
2y−
1
y+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
)
 η˜21
η2
1
,
a15 = −
(
y−
1
− y−
2
) (
y−
2
− y+
1
) (−1 + y−
1
y+
2
)
y+
2
((
y−
1
)2 − y−
1
y+
2
)(
u1 − u2 − 2ig
) η˜21 η˜2
η2
1
η2
,
a16 =
(
y−
2
− y+
1
) (
y+
1
− y+
2
) (−1 + y−
1
y+
2
)
y−
1
(
−y−
1
y+
2
+
(
y+
2
)2)(
u1 − u2 − 2ig
) η˜1η˜22
η1η
2
2
,
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a17 = −
ζ2
(
y−
1
− y−
2
) (
y−
1
− y+
1
)2 (
y−
2
− y+
1
)
y+
1
(
y−
2
− y+
2
)2
y+
2
2
(
y−
1
)2 (
y−
2
)2 (
y−
1
− y+
2
) (−1 + y+
1
y+
2
)(
u1 − u2 − 2ig
)
η2
1
η2
2
,
a18 = −
y−
1
y−
2
(
y−
2
− y+
1
) (
y+
1
− y+
2
)
η˜21 η˜
2
2
2ζ2
(−1 + y−
1
y−
2
) (
y+
1
)2 (
y−
1
− y+
2
) (
y+
2
)2 (
u1 − u2 − 2ig
) ,
a19 =
iζ
(
y−
1
− y+
1
) (
y−
2
− y+
1
) (−1 + y−
2
y+
1
) (
y−
2
− y+
2
) (
y+
1
− y+
2
)
2y−
2
(−1 + y−
1
y−
2
)
y+
1
(
y−
1
− y+
2
)(
u1 − u2 − 2ig
)
η1η2
,
a20 = −
iy−
1
(
y−
2
− y+
1
) (−1 + y−
2
y+
1
) (
y+
1
− y+
2
)
η˜1η˜2
2ζ
(−1 + y−
1
y−
2
) (
y+
1
)2 (
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) ,
a21 =
iy−
2
(
y−
2
− y+
1
) (
y+
1
− y+
2
) (−1 + y−
1
y+
2
)
2ζ
(−1 + y−
1
y−
2
)
y+
1
(
y−
1
− y+
2
) (
y+
2
)2 (
u1 − u2 − 2ig
) η˜21 η˜22
η1η2
,
a22 = −
iζ
(
y−
1
− y−
2
) (
y−
1
− y+
1
) (
y−
2
− y+
1
)
y+
1
(
y−
2
− y+
2
) (−1 + y−
1
y+
2
)
2
(
y−
1
)2
y−
2
(
y−
1
− y+
2
) (−1 + y+
1
y+
2
) (
u1 − u2 − 2ig
) η˜1η˜2
η2
1
η2
2
,
a23 =
iζ
(
y−
1
− y+
1
) (
y−
2
− y+
2
) (
y+
1
− y+
2
)2 (−1 + y+
1
y+
2
)
2
(−1 + y−
1
y−
2
)
y+
1
y+
2
(−y−
1
+ y+
2
) (
u1 − u2 − 2ig
)
η1η2
,
a24 =
iy−
1
y−
2
(
y+
1
− y+
2
)2 (−1 + y+
1
y+
2
)
η˜1η˜2
2ζ
(−1 + y−
1
y−
2
) (
y+
1
)2 (
y−
1
− y+
2
) (
y+
2
)2 (
u1 − u2 − 2ig
) ,
a25 =
(
y−
1
− y+
1
)2 (−1 + y−
1
y+
2
)
2y−
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) η˜22
η2
1
,
a26 =
(
y−
2
− y+
2
)2 (−1 + y−
1
y+
2
)
2y−
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) η˜21
η2
2
,
a27 =
(
y−
1
− y+
1
) (−y−
2
+ y+
1
) (−1 + y−
2
y+
1
)
2y−
2
y+
1
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
) η˜2
η1
,
a28 = −
(
y−
2
− y+
1
) (−1 + y−
2
y+
1
) (
y−
2
− y+
2
)
2y−
2
y+
1
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
) η˜1
η2
,
a29 =
(
y−
1
− y+
1
) (−y−
2
+ y+
1
) (−1 + y−
1
y+
2
)
2y+
2
((
y−
1
)2 − y−
1
y+
2
)(
u1 − u2 − 2ig
) η˜1η˜22
η2
1
η2
,
a30 =
(
y−
2
− y+
1
) (
y−
2
− y+
2
) (−1 + y−
1
y+
2
)
2y−
1
(
−y−
1
y+
2
+
(
y+
2
)2)(
u1 − u2 − 2ig
) η˜21 η˜2
η1η22
,
a31 =
(
y−
1
− y+
1
)(
y−
1
− y+
2
) η˜2
η1
,
a32 =
(
y−
2
− y+
2
)(
y−
1
− y+
2
) η˜1
η2
,
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a33 =
(
y−
1
− y+
1
) (
y+
1
− y+
2
) (−1 + y−
1
y+
2
)
2y+
2
((
y−
1
)2 − y−
1
y+
2
)(
u1 − u2 − 2ig
) η˜22
η1η2
,
a34 = −
(
y−
2
− y+
2
) (−y+
1
+ y+
2
) (−1 + y−
1
y+
2
)
2y−
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) η˜1η˜2
η2
2
,
a35 =
(
y−
1
− y−
2
) (
y−
2
− y+
2
) (−1 + y−
1
y+
2
)
2y+
2
((
y−
1
)2 − y−
1
y+
2
)(
u1 − u2 − 2ig
) η˜21
η1η2
,
a36 =
(
y−
1
− y−
2
) (
y−
1
− y+
1
) (−1 + y−
1
y+
2
)
2y+
2
((
y−
1
)2 − y−
1
y+
2
)(
u1 − u2 − 2ig
) η˜1η˜2
η2
1
,
a37 = −
iζ
(
y−
1
− y+
1
) (
y−
2
− y+
2
)2 (
y+
1
− y+
2
)
2y−
1
y−
2
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
)
η2
2
,
a38 =
i
(
y−
1
− y+
1
) (
y+
1
− y+
2
)
η˜22
2ζy+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) ,
a39 = −
iζ
(
y−
1
− y−
2
) (
y−
1
− y+
1
)2 (
y−
2
− y+
2
)
2y−
1
y−
2
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
)
η2
1
,
a40 =
i
(
y−
1
− y−
2
) (
y−
2
− y+
2
)
η˜21
2ζy+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) ,
a41 =
iζ
(
y−
1
− y+
1
) (
y−
2
− y+
1
) (
y−
2
− y+
2
) (
y+
1
− y+
2
)
2y−
1
y−
2
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
) η˜2
η1η22
,
a42 = −
i
(
y−
2
− y+
1
) (
y+
1
− y+
2
)
2ζy+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) η˜1η˜22
η2
,
a43 =
iζ
(
y−
1
− y−
2
) (
y−
1
− y+
1
) (
y−
2
− y+
1
) (
y−
2
− y+
2
)
2y−
1
y−
2
(
y−
1
− y+
2
) (
u1 − u2 − 2ig
) η˜1
η2
1
η2
,
a44 = −
i
(
y−
1
− y−
2
) (
y−
2
− y+
1
)
2ζy+
1
(
y−
1
− y+
2
)
y+
2
(
u1 − u2 − 2ig
) η˜21η˜2
η1
,
a45 = a46 = a47 = a48 = 0.
A.2 Coefficients of K-matrices
We use the convenient notation for the spectral parameters in which x± and y± are the
spectral parameters of the fundamental state and two-particle bound state (respectively)
in the bulk with momentum p, while xB and yB are the spectral parameters of the
fundamental state and two-particle bound state respectively on the boundary. The bulk
parameters change as x± → −x∓, y± → −y∓ and η → η˜ under the reflection. The
boundary parameter ηB is related to the boundary spectral parameters as |ηB |2 = −ixB
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and |ηB|2 = −iyB in the cases of fundamental and two-particle bound states respectively
and changes to η˜B under the reflection.
The K-matrix KAa
The K-matrix KAa has the following components ki:
k1 = 1,
k2 = 1 + 2
(xB + x
−)
(
(x−)
2 − (x+)2
)
(xB − x−)x−x+ ,
k3 = −x
+ (xB + x
+)
(xB − x−)x−
η˜ η˜B
η ηB
,
k4 =
(
(x− − 2x+) (xB + x− − x+) (x− + x+)
(xB − x−) (x−)2
+ 1
)
η˜ η˜B
η ηB
,
k5 =
(
xBx
− − (x+)2
)
(xB − x−) x−
η˜B
ηB
,
k6 = −
(
(x−)
2
+ xBx
+
)
(xB − x−) x−
η˜
η
,
k7 = −
iζxB (xB + x
− − x+)
(
(x−)
2 − (x+)2
)
(xB − x−)x− η ηB ,
k8 =
i (xB + x
− − x+) (x− + x+) η˜ ηB
ζ (xB − x−)x− ,
k9 =
(
− (x−)2 + (x+)2
)
(xB − x−) x−
η˜B
η
,
k10 =
xB (x
− + x+)
(xB − x−)x−
η˜
ηB
.
Our coefficients are in agreement with the ones found in [29] up to an overall factor
NAa0 =
x− (x− − xB)
x+ (x+ + xB)
,
which corresponds to normalization with k3 = 1 that once again may be called as a
physical normalization, because in the same way as for S-matrix, the K-matrix element
k3 shouldn’t have a pole as it produces a symmetric in fermionic indices state which can’t
create a bound state. Here the pole x+ + xB is responsible for the creation of bound
states. Once again, the pole is hidden in overall factors of higher order K-matrices
because of normalization k1 = 1 that we use in calculations.
– 26 –
The K-matrix KBa
The K-matrix KBa has the following components ki:
k1 = 1,
k2 = 1 + 3
xB
(
(y−)
2 − (y+)2
)(
1 + (y+)
2
)
2 (xB − y−) (1 + xBy−) (y+)2
,
k3 = −
(
(y−)
2
+ xBy
+
)
(xB − y−) y−
η˜
η
,
k4 = −
(xB + y
+)
(
y− + xB (y
+)
2
)
(xB − y−) (1 + xBy−) y+
η˜
η
,
k5 =
(
xBy
− − (y+)2
)
(xB − y−) y−
η˜B
ηB
,
k6 =
−xB (y−)4 + xBy−y+ + 4 (y−)2 y+ + xB (y−)3 y+ + xB (y+)2 − 2xB (y−)2 (y+)2
2 (xB − y−) (y−)2 (1 + xBy−)
η˜2
η2
,
k7 = −y
+ (xB + y
+)
(xB − y−) y−
η˜ η˜B
η ηB
,
k8 =
(
2x2B (y
−)
3 − xBy−y+ + x2B (y−)2 y+ + y− (y+)2 − xB (y−)2 (y+)2 + 2 (y+)3
)
(xB − y−) (y−)2 (1 + xBy−)
η˜ η˜B
η ηB
,
k9 =
y+ (xB + y
+)
(
−xB (y−)2 + y+
)
(xB − y−) (y−)2 (1 + xBy−)
η˜2 η˜B
η2 ηB
,
k10 = −
iζxB
(
(y−)
2 − (y+)2
)2
2 (xB − y−) y− (1 + xBy−) y+ η2 ,
k11 = − ixB (y
− + y+)
2
η˜2
2ζ (xB − y−) y− (1 + xBy−) y+ ,
k12 = −
iζxB
(
xBy
− − (y+)2
)(
(y−)
2 − (y+)2
)
√
2 (xB − y−) y− (1 + xBy−) y+ η ηB
,
k13 =
i (y− + y+)
(
xBy
− − (y+)2
)
η˜ η˜B√
2ζ (xB − y−) y− (1 + xBy−) y+
,
k14 =
xB
(
xB (y
−)
2 − y+
)
(y− + y+)
√
2 (y−)2 (−xB + y−) (1 + xBy−)
η˜2
η ηB
,
k15 =
(
xB (y
−)
2 − y+
)(
(y−)
2 − (y+)2
)
√
2 (xB − y−) (y−)2 (1 + xBy−)
η˜ ηB
η2
,
k16 = − i (xB + y
+) (y− + y+)√
2ζy− (−xB + y−) (1 + xBy−)
η˜2 η˜B
η
,
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k17 =
iζxB (xB + y
+)
(
− (y−)2 + (y+)2
)
√
2 (xB − y−) y− (1 + xBy−)
η˜
η2 ηB
,
k18 =
xB (y
− + y+)√
2 (xB − y−) y−
η˜
ηB
,
k19 =
(
(y−)
2 − (y+)2
)
√
2y− (−xB + y−)
η˜B
η
.
The K-Matrix KAb
The K-matrix KAb has the following components ki:
k1 = 1,
k2 = 1− 3
2
(x− + x+)
(
(x−)
2
+ y2B (x
+)
2
)
(yB − x−)x−x+ (−1 + yBx+) ,
k3 =
(
yBx
− − (x+)2
)
(yB − x−)x−
η˜B
ηB
,
k4 = −
(yB + x
+)
(
x− + yB (x
+)
2
)
(yB − x−) x− (−1 + yBx+)
η˜B
ηB
,
k5 = −
(
(x−)
2
+ yBx
+
)
(yB − x−)x−
η˜
η
,
k6 =
x+
(
y2B (x
−)
3 − 2yBx−x+ − y2B (x−)2 x+ − x− (x+)2 − 2yB (x−)2 (x+)2 + (x+)3
)
η˜2B
2 (yB − x−) (x−)3 (−1 + yBx+) η2B
,
k7 = −x
+ (yB + x
+)
(yB − x−) x−
η˜ η˜B
η ηB
,
k8 =
x+
(
(x−)
2
x+ − yB (x−)2 − 2yB (x−)4 − y2B (x−)2 x+ + 2yB (x+)2 + yB (x−)2 (x+)2
)
η˜ η˜B
(yB − x−) (x−)3 (−1 + yBx+) η ηB
,
k9 =
(x+)
2
(yB + x
+)
(
−yB (x−)2 + x+
)
(yB − x−) (x−)3 (−1 + yBx+)
η˜ η˜2B
η η2B
,
k10 = − iζy
2
B (x
− − x+) (x− + x+)2
2 (yB − x−) (x−)2 (−1 + yBx+) η2B
,
k11 = − i (x
− − x+) (x− + x+)2 η˜2B
2ζ (yB − x−) (x−)2 (−1 + yBx+)
,
k12 =
iζyB
(
(x−)
2
+ yBx
+
)(
(x−)
2 − (x+)2
)
√
2 (yB − x−) (x−)2 (−1 + yBx+) η ηB
,
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k13 =
i (x− + x+)
(
(x−)
2
+ yBx
+
)
η˜ η˜B
√
2ζ (x−)2 (−yB + x−) (−1 + yBx+)
,
k14 =
(
yB (x
−)
2 − x+
)
x+
(
(x−)
2 − (x+)2
)
√
2 (x−)3 (−yB + x−) (−1 + yBx+)
η˜2B
η ηB
,
k15 =
yB
(
yB (x
−)
2 − x+
)
x+ (x− + x+)
√
2 (yB − x−) (x−)3 (−1 + yBx+)
η˜ η˜B
η2B
,
k16 =
ix+ (yB + x
+) (x− + x+)√
2ζ (x−)2 (−yB + x−) (−1 + yBx+)
η˜ η˜2B
ηB
,
k17 =
iζyBx
+ (yB + x
+)
(
(x−)
2 − (x+)2
)
√
2 (yB − x−) (x−)2 (−1 + yBx+)
η˜B
η η2B
,
k18 =
(
(x−)
2 − (x+)2
)
√
2x− (−yB + x−)
η˜B
η
,
k19 =
yB (x
− + x+)√
2 (yB − x−)x−
η˜
ηB
.
The K-matrix KBb
The K-matrix KBb has the following components ki:
k1 = 1,
k2 = −
(yB + y
+)
(
y− + yB (y
+)
2
)
(yB − y−) (1 + yBy−) (y+)3 O1
×
(
3yB
(
y−
)2
+
(−yB + y− (−2 + 2y2B + yBy−)) (y+)2 − 3yB (y+)4) ,
k3 = − 1
(yB − y−) (1 + yBy−) (y+)3 O1
×
(
−yB
(
y+
)4 (
1 + y2B + 2
(
y+
)2 − 2yB (y+)3)
+ yB
(
y−
)3 (−2yB + 2y2By+ + (1 + y2B) (y+)3)
+
(
y−
)2 (
y+
)2 (−2yB (−2 + y2B)+ y+ (1− 4y2B + y4B + (yB + y3B) y+))
− y− (y+)3 (yB + y3B + y+ (1− 4y2B + y4B + (−2yB + 4y3B) y+))),
k4 = −y
+ (yB + y
+)
(yB − y−) y−
η˜ η˜B
η ηB
,
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k5 = − η˜ η˜B
(yB − y−) (y−)2 (1 + yBy−) y+O1 η ηB
×
(
4y3B
(
y−
)4 (−1 + yBy+)+ y− (y+)3 (yB (−5 + y2B)+ y+ (3 + 7y2B − 2yBy+))
− 4 (y+)5 (−1 + yBy+)+ yB (y−)3 y+ (−2y2B + y+ (7yB + 3y3B + y+ − 5y2By+))
+
(
y−
)2
y+
(
2y2B + y
+
(
y+
(
1 + 6y2B + y
4
B − yBy+
(
1 + y2B − 2yBy+
))− yB (1 + y2B)))) ,
k6 = − (yB + y
+)O2
(yB − y−) y−O1
η˜ η˜B
η ηB
,
k7 =
(yB + y
+) η˜ η˜B
(yB − y−) (y−)2 (1 + yBy−) y+O1 η ηB
,
×
(
4y2B
(
y−
)4
+ y−
(
y+
)3 (
3− 3y2B + 2yBy+
)
+ yB
(
y−
)3
y+
(
2yB + 3
(−1 + y2B) y+)
+4yB
(
y+
)5
+
(
y−
)2
y+
(
1 + yBy
+
) (−2yB + y+ (1 + y2B − 2yBy+))) ,
k8 = −
(
yB (y
−)
2 − y+
)
(y+)
2
(yB + y
+)
(yB − y−) (y−)5 (−1 + yBy+)O1
η˜2 η˜2B
η2 η2B
×
(
yB
(
y−
)4 − yB (y+)2 + (y−)2 (−yB + y+ (−2 + 2y2B + yBy+))) ,
k9 =
yBy
− − (y+)2
(yB − y−) y−
η˜B
ηB
,
k10 = −(y
−)
2
+ yBy
+
y− (yB − y−)
η˜
η
,
k11 =
2 (yB + y
+)
(
yBy
− − (y+)2
)(
y− + yB (y
+)
2
)
η˜B
(yB − y−) y−y+O1 ηB ,
k12 =
2
(
(y−)
2
+ yBy
+
)
(yB − y−) (y−)2 y+O1
η˜
η
×
(
−yB
(
y−
)2 − y− (yB + y−) y+ + (yB + y− + yB (y−)2) (y+)2 − 2yBy− (y+)3) ,
k13 =
(
yBy
− − (y+)2
)
η˜2B
(yB − y−) (y−)3 (1 + yBy−) y+O1 η2B
,
×
(
−y3B
(
y−
)3
+ y4B
(
y−
)3
y+ + yBy
−
(
2 + y2B + yBy
−
(
5 + y2B + yBy
−
)) (
y+
)2
+ y−
(
1 + yBy
−
(
2− 2y2B + yBy−
)) (
y+
)3
− (1 + y2B + yB (2 + y2B) y−) (y+)4 + y2By− (y+)5),
k14 = −
(
(y−)
2
+ yBy
+
)(
yB (y
−)
4 − yB (y+)2 + (y−)2
(−yB + y+ (−2 + 2y2B + yBy+))) η˜2
(yB − y−) (y−)3O1 η2
,
k15 = −
2
(
yB (y
−)
2 − y+
)
y+ (yB + y
+)
(
(y−)
2
+ yBy
+
)
η˜2 η˜B
(yB − y−) (y−)3O1η2 ηB
,
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k16 = −
2
(
yB (y
−)
2 − y+
)
(y+)
2
(yB + y
+)
(yB − y−) (y−)3 (−1 + yBy+)O1
η˜ η˜2B
η η2B
×
(
yB + y
− + yB
(
y−
)2 − (1 + yBy−) y+ + yB (y+)2) ,
k17 = −
ζ2y2B (yB + y
+)
(
(y−)
2
+ yBy
+
)(
(y−)
2 − (y+)2
)2
(yB − y−) (y−)3 (−1 + yBy+)O1 η2 η2B
,
k18 =
(yB + y
+) (y− + y+)
2
(
yBy
− − (y+)2
)
η˜2 η˜2B
ζ2 (yB − y−) (y−)2 (1 + yBy−) y+O1
,
k19 = −
iζyB (yB + y
+)
(
yBy
− − (y+)2
)(
(y−)
2 − (y+)2
)(
y− + yB (y
+)
2
)
(yB − y−) y− (1 + yBy−) (y+)2O1 η ηB
,
k20 =
i (yB + y
+) (y− + y+)
(
yBy
− − (y+)2
)(
y− + yB (y
+)
2
)
η˜ η˜B
ζ (yB − y−) y− (1 + yBy−) (y+)2O1
,
k21 = −
i
(
yB (y
−)
2 − y+
)
(yB + y
+) (y− + y+)
(
yBy
− − (y+)2
)
η˜2 η˜2B
ζ (yB − y−) (y−)3 (1 + yBy−) O1 η ηB
,
k22 = −
iζyB
(
yB (y
−)
2 − y+
)
y+ (yB + y
+)
(
(y−)
2
+ yBy
+
)(
(y−)
2 − (y+)2
)
η˜ η˜B
(yB − y−) (y−)4 (−1 + yBy+)O1 η2 η2B
,
k23 =
iζyB (−1 + yBy+)
(
−yBy− + (y+)2
)2 (
(y−)
2 − (y+)2
)
(yB − y−) y− (1 + yBy−) (y+)2O1 η ηB
,
k24 =
i (y− + y+) (−1 + yBy+)
(
yBy
− − (y+)2
)2
η˜ η˜B
ζ (yB − y−) y− (1 + yBy−) (y+)2O1
,
k25 = −
(
yB (y
−)
2 − y+
)(
(y−)
2 − (y+)2
)2
η˜2B
(yB − y−) (y−)3O1 η2
,
k26 =
y2B (y
− + y+)
2
η˜2
(yB − y−) (y−)3 (1 + yBy−) y+O1 η2B
×
(
yB
(
y−
)4
y+ +
(
y+
)2
+ yBy
−
(
y+
)2 − (y−)3 (yB + y+ (−1 + yBy+))) ,
k27 = −
(
(y−)
2
(
2 + y2B + yBy
−
)
+
(
yB + y
− + 2y2By
−
)
y+
)(
(y−)
2 − (y+)2
)
η˜B
(yB − y−) (y−)2O1 η
,
k28 =
yB (yB + y
+) (y− + y+)
(
y− + yB (y
+)
2
)
η˜
(yB − y−) y−y+O1 ηB ,
k29 =
y+ (yB + y
+)
(
−yB (y−)2 + y+
)(
(y−)
2 − (y+)2
)
η˜ η˜2B
(yB − y−) (y−)3O1 η2 ηB
,
k30 =
yB
(
yB (y
−)
2 − y+
)
y+ (yB + y
+) (y− + y+) η˜2 η˜B
(yB − y−) (y−)3O1 η η2B
,
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k31 =
(y+)
2 − (y−)2
(yB − y−) y−
η˜B
η
,
k32 =
yB (y
− + y+)
(yB − y−) y−
η˜
ηB
,
k33 = −
(y− + y+)
(
yBy
− − (y+)2
)
yB (yB − y−) (y−)2 (1 + yBy−) y+O1
η˜2B
η ηB
×
((
y+
)3 − yB (y+)4 + yBy−y+ (yB + y+)2 + y3B (y−)2 (−1 + yBy+)) ,
k34 =
yB (y
− + y+)
(
yBy
− − (y+)2
)
(yB − y−) (y−)3 (1 + yBy−) y+O1
η˜ η˜B
η2B
×
(
yB
(
y−
)4
y+ +
(
y+
)2
+ yBy
−
(
y+
)2 − (y−)3 (yB + y+ (−1 + yBy+))) ,
k35 = −
yB
(
yB (y
−)
2 − y+
)
(y− + y+) (−1 + yBy+)
(
yBy
− − (y+)2
)
η˜2
(yB − y−) (y−)2 (1 + yBy−) y+O1 η ηB
,
k36 = −
(
yB (y
−)
2 − y+
)(
(y−)
2
+ yBy
+
)(
(y−)
2 − (y+)2
)
η˜ η˜B
(yB − y−) (y−)3O1 η2
,
k37 = − iζy
2
B (y
− − y+) (y− + y+)2
(yB − y−) (y−)2 (1 + yBy−) (y+)2O1 η2B
×
(
yB
(
y−
)3
y+ +
(
y+
)3
+ yBy
−
(
y+
)3 − (y−)2 (yB + y+ (−1 + yBy+))) ,
k38 = −
i (y− − y+) (y− + y+)2
(
yBy
− − (y+)2
)
(−yB + y+ (1 + yBy− − yBy+)) η˜2B
ζyB (yB − y−) y− (1 + yBy−) (y+)2O1
,
k39 =
iζyB
(
(y−)
2
+ yBy
+
)(
(y−)
2 − (y+)2
)2
(yB − y−) (y−)2 y+O1 η2
,
k40 = −
iyB (y
− + y+)
2
(−1 + yBy+)
(
yBy
− − (y+)2
)
η˜2
ζ (yB − y−) y− (1 + yBy−) (y+)2O1
,
k41 =
iζyB (1 + yBy
−) y+ (yB + y
+)
(
(y−)
2
+ yBy
+
)(
(y−)
2 − (y+)2
)
η˜B
(yB − y−) (y−)3 (−1 + yBy+)O1 η η2B
,
k42 = −
i (yB + y
+) (y− + y+)
(
−yBy− + (y+)2
)
η˜ η˜2B
ζ (yB − y−) (y−)2 O1 ηB
,
k43 =
iζyB (yB + y
+)
(
(y−)
2
+ yBy
+
)(
(y−)
2 − (y+)2
)
η˜
(yB − y−) (y−)2O1 η2 ηB
,
k44 = −
i (yB + y
+) (y− + y+)
(
(y−)
2
+ yBy
+
)
η˜2 η˜B
ζ (yB − y−) (y−)2O1 η
,
k45 = k46 = k47 = k48 = 0,
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where we have defined
O1 =
1
2
(
2yB + y
− − y2By− + 2yB
(
y−
)2 − y+ (3 + yBy−)+ 2yB (y+)2) ,
O2 =
((
y+
)2 (−1 + y2B − 2yBy+)+ y− (2yB + y+ − y2By+)) .
References
[1] J. M. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity,
Adv.Theor.Math.Phys.2:231-252, (1998) [hep-th/9711200].
[2] G. Arutyunov and S. Frolov, Foundations of the AdS5 × S5 Superstring. Part I,
[arXiv:0901.4937].
[3] G. Arutyunov and S. Frolov, Integrable hamiltonian for classical strings on AdS5 × S5, JHEP
02 (2005) 059, [hep-th/0411089].
[4] M. Staudacher, The Factorized S-Matrix of AdS/CFT, JHEP 0505:054, (2005)
[hep-th/0412188v1].
[5] N. Beisert, The Analytic Bethe Ansatz for a Chain with Centrally Extended su(2|2)
Symmetry, J.Stat.Mech.0701:P017, (2007) [nlin.SI/0610017].
[6] N. Beisert, V. Dippel, M. Staudacher, A Novel Long Range Spin Chain and Planar N = 4
Super Yang-Mills, JHEP 0407 (2004) 075, [hep-th/0405001v3].
[7] S. Frolov, J. Plefka, and M. Zamaklar, The AdS5 × S5 superstring in light-cone gauge and its
Bethe equations, J. Phys. A39 (2006) 13037–13082, [hep-th/0603008].
[8] N. Beisert, The su(2|2) Dynamic S-Matrix, Adv.Theor.Math.Phys.12:945, (2008)
[hep-th/0511082v4].
[9] G. Arutyunov, S. Frolov, and M. Zamaklar, The Zamolodchikov-Faddeev algebra for
AdS5 × S5 superstring, JHEP 04 (2007) 002, [hep-th/0612229].
[10] R. A. Janik, The AdS5 × S5 superstring worldsheet S-matrix and crossing symmetry, Phys.
Rev. D73 (2006) 086006, [hep-th/0603038].
[11] N. Beisert, R. Hernandez, and E. Lopez, A crossing-symmetric phase for AdS5 × S5 strings,
JHEP 11 (2006) 070, [hep-th/0609044].
[12] N. Beisert, On the Scattering Phase for AdS5 × S5 Strings, Mod.Phys.Lett.A22:415-424,
(2007) [hep-th/0606214v3].
[13] N. Beisert, B. Eden, M. Staudacher, Transcendentality and Crossing, J.Stat.Mech.0701:P021,
(2007) [hep-th/0610251].
[14] G. Arutyunov, S. Frolov, On AdS5 × S5 String S-matrix, Phys.Lett.B639:378-382, (2006)
[hep-th/0604043v2].
[15] N. Dorey, Magnon Bound States and the AdS/CFT Correspondence,
J.Phys.A39:13119-13128, (2006) [hep-th/0604175v2].
[16] G. Arutyunov, S. Frolov, On String S-matrix, Bound States and TBA, JHEP0712:024, (2007)
[arXiv:0710.1568].
– 33 –
[17] R. Roiban, Magnon Bound-state Scattering in Gauge and String Theory, JHEP0704:048,
(2007) [hep-th/0608049].
[18] H. Yu Chen, N. Dorey, Keisuke Okamura, The Asymptotic Spectrum of the N = 4 Super
Yang-Mills Spin Chain, JHEP0703:005, (2007) [hep-th/0610295v1].
[19] N. Beisert, The S-Matrix of AdS/CFT and Yangian Symmetry, PoSSolvay:002, (2006)
[arXiv:0704.0400].
[20] G. Arutyunov, S. Frolov, The S-matrix of String Bound States, Nucl.Phys.B804:90-143,
(2008) [arXiv:0803.4323].
[21] M. de Leeuw, Bound States, Yangian Symmetry and Classical r-matrix for the AdS5 × S5
Superstring, JHEP 0806:085, (2008) [arXiv:0804.1047].
[22] G. Arutyunov, M. de Leeuw, A. Torrielli , The Bound State S-Matrix for AdS5 × S5
Superstring, Nucl.Phys.B819:319-350, (2009) [arXiv:0902.0183].
[23] D. Bernard, An Introduction to Yangian Symmetries, Int. J. Mod. Phys. B7 (1993)
3517–3530, [hep-th/9211133].
[24] N. J. MacKay, Introduction to Yangian symmetry in integrable field theory, Int. J. Mod.
Phys. A20 (2005) 7189–7218, [hep-th/0409183].
[25] D. Arnaudon, A. Molev, E. Ragoucy, On the R-matrix realization of Yangians and their
representations, Annales Henri Poincare, 7 (2006), 1269-1325, [math.QA/0511481v1].
[26] A. Torrielli, Structure of the string R-matrix, J.Phys.A42:055204, (2009) [arXiv:0806.1299].
[27] G. Arutyunov, M. de Leeuw, A. Torrielli, On Yangian and Long Representations of the
Centrally Extended su(2|2) Superalgebra, [arXiv:0912.0209].
[28] M. Jimbo, Quantum R-matrix for the generalized Toda system,
Comm.Math.Phys.102:537-547, 1986.
[29] D. H. Correa, C. A. S. Young, Reflecting magnons from D7 and D5 branes,
J.Phys.A41:455401, (2008) [arXiv:0808.0452].
[30] H. Yu Chen, N. Dorey, K. Okamura, On the Scattering of Magnon Boundstates,
JHEP0611:035, (2006) [hep-th/0608047v1].
[31] W. Galleas, The Bethe Ansatz Equations for Reflecting Magnons, Nucl.Phys.B820:664-681,
(2009) [arXiv:0902.1681].
[32] L. Palla, Issues on magnon reflection, Nucl.Phys.B808:205-223, (2009) [arXiv:0807.3646].
[33] D. M. Hofman, J. Maldacena, Reflecting magnons, JHEP 0711:063, (2007)
[arXiv:0708.2272].
[34] C. Ahn, D. Bak, S. J. Rey, Reflecting Magnon Bound States, JHEP0804:050, (2008)
[arXiv:0712.4144].
[35] C. Ahn, R. I. Nepomechie, Yangian symmetry and bound states in AdS/CFT boundary
scattering, [arXiv:1003.3361].
[36] O. DeWolfe and N. Mann, Integrable Open Spin Chains in Defect Conformal Field Theory,
JHEP 0404 (2004) 035, [hep-th/0401041].
[37] T. Erler and N. Mann, Integrable Open Spin Chains and the Doubling Trick in N = 2 SYM
with Fundamental Matter, JHEP 0601, 131 (2006), [hep-th/0508064].
– 34 –
[38] T. McLoughlin and I. Swanson, Open string integrability and AdS/CFT, Nucl. Phys. B 723
(2005) 132, [hep-th/0504203].
[39] Y. Susaki, Y. Takayama and K. Yoshida, Integrability and Higher Loops in AdS/dCFT
Correspondence, Phys. Lett. B 624 (2005) 115, [hep-th/0504209].
[40] K. Okamura, Y. Takayama, Open Spinning Strings and AdS/dCFT Duality, JHEP0601:112,
(2006) [hep-th/0511139].
[41] D. H. Correa, C. A. S. Young, Asymptotic Bethe equations for open boundaries in planar
AdS/CFT, J.Phys.A43:145401, (2010) [arXiv:0912.0627].
[42] M. Kruczenski, D. Mateos, R. C. Myers and D. J. Winters, Meson Spectroscopy in AdS/CFT
with Flavour, JHEP 0307 (2003) 049, [hep-th/0304032].
[43] P. Mattsson, P. Dorey, Boundary spectrum in the sine-Gordon model with Dirichlet boundary
conditions, J.Phys.A33:9065-9094, (2000) [hep-th/0008071].
[44] P. Dorey, R. Tateo, G. Watts, Generalisations of the Coleman-Thun mechanism and
boundary reflection factors, Phys.Lett. B448 (1999) 249-256, [hep-th/9810098].
[45] G. W. Delius, N. J. MacKay and B. J. Short, Boundary remnant of Yangian symmetry and
the structure of rational reflection matrices, Phys.Lett.B522:335-344, (2001)
[hep-th/0109115].
– 35 –
